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Abstract

In this paper, we explore under which conditions coordinated punishment per-
forms better than uncoordinated punishment, yielding higher levels of joint invest-
ment and boosting the return set by allocators in asymmetric situations as a team
trust game. To this end, we theoretically compare these two different punishment
schemes in a team trust game with information asymmetries: (i) an uncoordinated
punishment system where individual punishment destroys the punished agent’s pay-
off and (ii) a coordinated punishment system where it is necessary that the number
of individuals willing to carry out punishment exceeds a particular threshold for the
punishment to be effective. Our results reveal that only when there is a sufficiently
high proportion of reciprocal investors in the population, a coordinated punishment
system leads to efficient equilibria in a wider range of cases than uncoordinated pun-
ishment and it does so with higher returns. However, for intermediate proportions
of reciprocators, uncoordinated punishment performs better.
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1 Introduction

Many real-life economic situations can be represented as trust games with a team of in-
vestors. Team investment situations where the proceeds of aggregate investment of the
team members (investors) are under the control of another agent (the allocator) are quite
ubiquitous in real economies, especially, in financial and labour markets. Several investors
(principals) delegate to a broker (agent) their decision about how to invest their funds
and the broker may take advantage of them. Another prominent example appears in the
labour market. In many employment relations, a group of employees is hired by a single
employer (the firm). The labour contract in these cases is highly incomplete and usually
assigns significant authority to the employer. This asymmetric distribution of decision
rights puts the employees in danger of being exploited, leading to inefficiencies if they

refuse to cooperate.

These inefficient outcomes have been approached in the literature in several ways, such
as allowing for reputation building by the allocator, social preferences (a preference for
fairness by the allocator) or, most commonly, endowing the investors (employees) with
punishment power over the allocator (employer). However, punishment in groups entails
an additional challenge: free riding. If we consider several investors deciding on punishing
a single allocator, they could potentially have incentives to free ride and benefit from the
costly punishment decision of another investor. Therefore, punishment becomes a public
good itself with second-order free riding (Molleman, Kolle, Starmer and Géchter, 2019).
This happens whenever punishment is uncoordinated in the sense that it is effective right

from the first punisher.

A possible solution to the free-riding problem in punishment is to make punishment
coordinated, that is, to require a minimum threshold in the number of punishers for pun-
ishment to be effective. Examples of the use of coordinated punishment when punishment
has to be inflicted by the group abound in the historical evidence. Punishment can be
implemented both formally, with penalty fees, or informally, through social punishment
such as ostracism or hostility. Consider, for instance, the institution of ostracism in an-
cient Athens, the punishment of non-compliant-norm members by the village in rural
areas in Africa or the expelling of free-riding members in medieval guilds. In modern
societies, there are also many instances of coordinated punishment in smaller institutions
such as partnerships, professional societies and unions. Furthermore, there is experimen-
tal evidence on coordinated punishment being preferred over uncoordinated punishment
(Molleman et. al, 2019).



We are interested in understanding when, and under which conditions, will coordi-
nated punishment perform better than uncoordinated punishment in the sense of yielding
higher levels of joint investment and boosting the return set by allocators. We pursue
characterising the conditions that make each system prevail and understanding whether

this prevalence is correlated with the preference distribution of the involved agents.

According to some authors (Boyd et al. 2010, Olcina and Calabuig 2015), a possible
reason for the better performance of coordinated punishment, is that it is associated with
increasing returns to scale. This feature implies that the punishment effectiveness (i.e.,
the damage inflicted on the target) increases exponentially with the number of punish-
ers. This, in turn, calls for modelling coordinated and uncoordinated punishment as two
different technologies as it is implicitly assumed that individuals using coordinated pun-
ishment can inflict more damage at the same cost when they punish together as a group
than when they do it individually. As a result, the benefits of coordinated punishment
compared with uncoordinated punishment could be explained by a higher effectiveness of
the punishment in the former device. However, in this work we consider constant returns
to scale (coordinated punishment is as damaging as joint uncoordinated punishment), in
order to analyse just the strategic component of coordinated punishment, that is, when
and how it is more effective in solving the free-rider problem among investors. Our results
are even stronger in the presence of increasing returns to scale, so we are in fact charac-

terising the lower bound.

We theoretically compare two different punishment schemes with constant returns to
scale in a team trust game with two investors and one allocator with information asym-
metries: (i) an uncoordinated punishment system where individual punishment destroys
the allocator’s payoff and (ii) a coordinated punishment system where it is necessary that
the number of investors willing to carry out punishment exceeds a particular threshold

for the punishment to be effective.

Both types of players can either have standard preferences (selfish investors and self-
ish allocators) or social concerns (reciprocal investors and fair-minded allocators), being
types private information. In the first stage of the game, the two investors individually
and simultaneously decide whether or not to invest in a joint project. Only if both decide
to invest, a positive surplus is generated and the team’s allocator must decide how much
of such surplus to keep for himself/herself and how much return to the investors. Once

these investors observe their return, they can implement punishment. For the game with



uncoordinated punishment, the allocator has a proportion of his/her payoff destroyed as
soon as one of the two investors decides to punish him /her. For the coordinated punish-
ment case, however, it is necessary that both investors decide to punish the allocator for
such a decision to have a negative impact on the allocator’s payoff. In the labour context,
players could resemble two employees (the investors) and one employer (the allocator),
where employees decide whether to exert effort on a joint project (investment decision)
or not and the project only succeeds if they both do so. If this is the case, the employer
can decide how much of the project’s profits pay to the employees (returns).! Employees,

in turn, can punish by going on strike.

Our main result states that coordinated punishment performs better in terms of effi-
ciency only if there are enough reciprocal investors in the population. That is, only when
the proportion of reciprocators in the population is sufficiently high, a coordinated punish-
ment system leads to equilibria with joint investment, positive rewards and no punishment
in a wider range of cases than uncoordinated punishment. With intermediate proportions
of reciprocators, however, uncoordinated punishment is superior to coordinated punish-
ment, as positive rewards that are not punished are returned by selfish allocators under
uncoordinated punishment while null rewards that are punished are returned under coor-
dinated punishment. Finally, with low proportions of reciprocators, however, differences

between coordinated and uncoordinated punishment are minimal.

The superiority of the coordinated scheme, which happens for high proportions of
reciprocators, is driven by the fact that reciprocators are willing to punish higher offers
under coordinated punishment, to which selfish allocators return higher rewards than
under uncoordinated punishment in order to avoid punishment. This, in turn, enhances
efficiency through joint investment even with a lower proportion of fair-minded allocators

in the population.

This effect is indeed given by coordination as a mechanism to overcome the free-rider
issue. Intuitively, differences between the two types of punishment lie in the free-riding
incentives between reciprocators. With coordinated punishment, this behaviour can be
avoided when there are many reciprocators in the population as if one of the two investors
free rides, punishment actions will be costly and ineffective in destroying the allocator’s

payoff. When the proportion of reciprocators is high, the probability of being paired with

'We assume that investment decisions are complements (Harrison and Hirschleifer, 1989; Van Huyck
et al. 1990; Brandts and Cooper, 2006; Riedl et al. 2015; Calabuig and Olcina, 2015; Calabuig et
al. 2022) and that the allocator values the investors’ decisions equally and, therefore, returns the same
amount to them in case of joint investment.



another reciprocator is also high, so the chance of there being joint punishment is higher.
Uncoordinated punishment, however, is prone to free riding for any investors preference
distribution, as the allocator’s payoff is going to be undermined even if there is only one
punisher. Hence, even if the proportion of reciprocators is high, the threat of joint pun-

ishment is not as strong as with coordinated punishment.

1.1 Related Literature

To the best of our knowledge, the first paper dealing with coordinated punishment was by
Boyd, Gintis and Bowles (2010), being pioneers in considering that punishment costs in a
public goods game shall decrease with the number of punishers. Boyd et al. (2010) show
how can punishment proliferate under these conditions. In this line, Garcia and Traulsen
(2019) find that indeed coordinated punishment can emerge from individual interactions,
but the stability of the associated institutions over time is weak whenever the institutions
implementing punishment cannot be observable by individuals. However, these works
represent symmetric situations, public goods games, while our aim is to understand pre-

vailing asymmetric situations of real-life economies like principal-agent relationships.

This work is also closely related to that by Calabuig and Olcina (2015), a team
trust game with coordinated punishment.? Their main result is that cooperation only
evolves and is maintained if there is enough punishment capacity in society and there are
enough individuals willing to implement punishment. The fully cooperative equilibrium
is achieved under the threat of effective coordinated punishment, which is supported by
the presence of a high proportion of reciprocators in the population, in line with our
results. However, the authors only provide results for coordinated punishment. Our goal
in this work is to compare coordinated punishment with uncoordinated punishment in
terms of joint investment, returns and punishment actions, in order to highlight under
which conditions is one system better than the other. Furthermore, we consider constant
returns to scale in punishment rather than increasing returns to scale in order to isolate

the effect of the strategic component of coordinated punishment.

Experimental evidence on the comparison between coordinated and uncoordinated
punishment in team trust games exists (Calabuig, Jiménez, Olcina and Rodriguez-Lara,

2022), showing that joint investment and returned rewards are enhanced when punish-

2In their work, they also introduce a peer punishment stage at the end of the game, which we do not
consider here.



ment is coordinated. The equilibria are characterised for a particular set of values. Our
work, in contrast, entails a generalisation of this comparison revealing that such superi-
ority is only given for a set of values and that, otherwise, uncoordinated punishment can

be better at sustaining efficient equilibria.

Other experimental works have highlighted the preference of individuals to either tac-
itly coordinate on punishment even with second-order free riding incentives (Diekmann
and Przepiorka, 2015), or to choose a coordinated punishment scheme when given the
chance to choose between coordinated and uncoordinated punishment (Molleman et al.,
2019). This suggests that coordinated punishment may not only be strategically superior
but also preferred by individuals. Our contribution is to understand under which condi-

tions it is indeed more efficient.

The rest of this paper is organized as followed. In section 2 we present the model
to analyse, describing as well the different preferences considered. Section 3 collects the
results of the model, stage by stage and, in the last place, Section 4 presents concluding

remarks.

2 The model

2.1 Team trust game with punishment

Consider a 3-player team In this paper, we explore under which conditions coordinated
punishment performs better than uncoordinated punishment, yielding higher levels of
joint investment and boosting the return set by allocators in asymmetric situations as a
team trust game. To this end, we theoretically compare these two different punishment
schemes in a team trust game with information asymmetries: (i) an uncoordinated pun-
ishment system where individual punishment destroys the punished agent’s payoff and
(i) a coordinated punishment system where it is necessary that the number of individu-
als willing to carry out punishment exceeds a particular threshold for the punishment to
be effective. Our results reveal that only when there is a sufficiently high proportion of
reciprocal investors in the population, a coordinated punishment system leads to efficient
equilibria in a wider range of cases than uncoordinated punishment and it does so with
higher returns. However, for intermediate proportions of reciprocators, uncoordinated

punishment performs better.trust game with two investors and one allocator.



In the first stage of this game, the investment stage, the two investors simultaneously
and independently decide whether to invest (1) or not invest (NI) in a project which can
generate a surplus of 2 only if both of them decide to carry out the investment. In other
words, only the combination of actions (I, I) leads to the project being successful but if
at least one investor decides not to invest, the game ends and all players obtain a payoff
of 0.3 Investing is a costly action for investors. In particular, it entails a cost k € (0, %) re-

gardless of the success or failure of the project. Not investing, on the other side, is costless.

In the second stage, the reward stage, the allocator decides how much of the surplus
generated he/she is willing to return to the investors. With this end, the allocator decides
the payoff b, the reward to each of the investors (0 < b < 1), being this symmetric to
both of them.* Recall this stage is only reached if both investors decide to invest in the

first stage.

In the third stage, the punishment stage, the investors observe their reward b for their
investment and simultaneously and independently decide whether to punish (p) or not to
punish (np) the allocator. We consider that punishing has a cost of z/n for each punish-
ing investor, where z is the total cost and n is the number of investors who punish. Not

punishing, on the other side, is costless.

The impact of punishment on the allocator’s payoff depends on the punishment scheme
we consider. Under a coordinated punishment scheme, only if both investors coordinate to
punish, the allocator will get his/her payoff destroyed in a proportion A., where 0 < A\, <
1. Under an uncoordinated punishment scheme, however, the individual punishment
action has an impact of A\, on the allocator’s payoff, where 0 < )\, < 1, regardless of
whether the investors coordinate in punishing or not. If they do so, the impact will be

2, instead. Table 1 summarises these details.

Coordinated Uncoordinated

PP Ae 2\,
P, np Or np,p 0 Ay
np, np 0 0

Table 1: Impact of punishment

3We focus on a symmetric situation where investments are considered complements in order to cleanly
compare coordinated and uncoordinated punishment. Considering scenarios where only one investor
invests and the project is still carried out would not give any added value to the analysis.

4In this paper, we focus on symmetric equilibria.



Given that only if both investors invest, the game goes on to the reward and punish-
ment stage, in the following we will only present the final payoff functions for the (7, 1)

subgame.
The material payoffs for each of the investors will be determined by:
tnr=b—k—z/n with punishment (1)

The material payoffs of the allocator will depend on the punishment scheme, which
can either be coordinated (CP) or uncoordinated (UP):

2(1 =b)(1 = \.) if both punish

. (2)
2(1-0b) otherwise

WA(CP):{

2(1 —=0b)(1 —2X,) if both punish
2(1=5)(1 = X,) only one punishes

TA(UP) =
alUP) 2(1—-10) if nobody punishes

Suppose there is complete information and that all players have selfish preferences.
By backward induction, selfish investors will never implement costly punishment, np,
the selfish allocator will keep all of the surplus for himself/herself and return b = 0 and
investors, anticipating the allocator’s behaviour, will decide not to carry out the costly
investment (NI, NT). This, however, will lead to an inefficient Perfect Equilibrium where

every player receives a payoff of 0.

2.2 Social preferences

Experimental evidence has consistently proved that individual preferences only follow the
standard selfishness assumption in a limited number of cases (Fehr and Schmidt, 1999;
Fehr and Géchter, 2000). For this reason, we consider it necessary to introduce social

preferences into our model.

On the side of the investors, we consider a certain proportion ¢ of the population from
which the two investors are drawn to be reciprocal investors, where we understand as
reciprocal the willingness to punish hostile behaviour. That is, if the allocator returns an

unfair offer, a reciprocal investor will implement punishment in the last stage. Given that

7



the surplus that each investor generates is of size 1, a reciprocal investor will consider
fair a return of 1/2 and unfair any return below 1/2.5 We capture the disutility derived
from unfair returns with a parameter a = 2, measuring the proportional distance from
the allocator’s payoff to the investor’s reward. This approach follows Fehr and Schmidt
(1999) for disadvantageous inequality.® The remaining 1 — ¢ investors of the population

will be considered selfish, with the payoff function formerly proposed.

The payoff function for a reciprocal investor in the subgame (I, I) if he/she receives a
reward b < 1/2, will be determined by:

b—k—z/2 —amazx{0,(1—0b)(1—X.)—b} if both punish
b—k—z—amax{0,(1 —5b)—b if only he/she punishes
b—k—amaz{0,(1—0b)—b} otherwise
b—k—z/2—amaz{0,(1—0b)(1—2)\,) — b} if both punish
b—k—z—amazx{0,(1—-0b)(1—X\,) —b} if only he/she punishes
m(UP) = b—k—amazx{0,(1-0)(1—A\,) —b} if only the other one punishes
b—k—amax{0,(1—0)— b} if nobody punishes

()

On the side of the allocator, we consider a certain proportion m of the population
from which the allocator is drawn to be fair-minded allocators, where we understand as
fair-minded having as a dominant strategy returning the fair reward b = 1/2. The remain-

ing (1 —m) are selfish.

2.3 Assumptions

Before moving on to resolving the sequential game by backward induction, we need to
make three assumptions on the relationship between the parameters that characterize the

punishing institutions.

5The analysis could be analogously done with any other reference point different from b = 1/2.
6We assume that investors do not have a disutility for generous rewards above 1/2, which reflects Fehr
and Schmidt’s (1999) advantageous inequality.



Assumption 1: 2\, = ).

Assumption 1 states that if both investors punish, uncoordinated punishment is as
destructive for the allocator as coordinated punishment. As it is common in the litera-
ture, we could alternatively assume that coordinated actions can lead to synergies and
economies of scale such that if both investors punish, coordinated punishment is more
destructive than uncoordinated punishment, i.e. 2\, < A. (Boyd et al., 2010; Calabuig
and Olcina, 2015). Considering this kind of returns would strengthen our results even
further. However, we want to analyse the advantages of coordinated punishment vs. un-

coordinated punishment with the same returns. Therefore, we will assume that 2\, = A..

Assumption 2: 2>\u(ﬁ) <z <2\,

The upper bound is necessary to guarantee that the behaviour of a reciprocal investor
differs from the behaviour of a selfish one. Briefly, in uncoordinated punishment, a recip-
rocal investor that punishes reduces his/her disadvantageous inequality with respect to
the allocator in a\, = 2\,. Thus, this effect must compensate the cost z of punishing the
allocator, such that he/she indeed does so. Notice that, by assumption 1, if z < 2),, then
z < 2. holds. The lower bound, on the other hand, is a simplifying assumption in order
to avoid numerous non-interesting subcases arising. Besides that, it is plausible to impose
a lower bound to z, as punishment must be a costly action. As the destructive power
of punishment increases, so does the lower bound. This reflects how highly destructive

institutions may face high punishment costs.
Assumption 3: \. > 1/2

Finally, assumption 3 is necessary for coordinated punishment to have a sufficient
impact on the behaviour of the allocator. If A, < 1/2, the allocator would prefer to offer a
reward of b = 0 instead of a fair reward of b = 1/2, even if he/she knew that the investors

were going to punish him/her. Notice that assumptions 1 and 3 imply 1/4 < A\, < 1/2.

3 Results

In this section, we derive the Perfect Bayesian Equilibria (PBE) of the two sequential
games: the team trust game with coordinated punishment and the team trust game with

uncoordinated punishment. To do so, we will characterize behaviour in each subgame,



anticipating what will happen in the following stages. In order to compare the potential
superiority of one type of punishment scheme over the other one, we will focus on the
efficient pooling equilibria where both types of investors decide to invest, both types of

allocators return positive rewards and there is no punishment by the investors.

3.1 Punishment stage

In this last stage, investors must decide whether to punish the allocator for the reward
b received. Given that types are private information, we define p as the updated proba-
bility of facing a reciprocal investor after observing (I, ) in the investment stage. That
is, p = Prob(r/(1,I)), where r stands for a reciprocal type. Any punishment subgame is
characterized by a belief © and a reward b, thus, we denote this subgame by C'P(u,b) for
the coordinated punishment scenario and U P(u,b) for the uncoordinated one. We rep-
resent the symmetric Bayesian Nash Equilibria (BNE) of this subgame by profiles (z, ),
where the first term represents the action of the reciprocal type and the second the action
of the selfish type.

First, notice that if the allocator returns a fair or generous reward b > 1/2, no type of
investor will punish. In the following lemmata, we present the solution of C'P(u,b) and
UP(u,b) for unfair rewards (b < 1/2). Formal proofs have been relegated to Appendix
A.

Lemma 1: The solution of any subgame CP(u,b) with unfair rewards is:
a) If 0 < b < b5, then (p,np) if 4 > g and (np, np) otherwise
b) Ifb$ < b < b, then (p,np) if u > ji and (np, np) otherwise

c) If b < b < 1/2, then (np,np) Yu

z /2+22(1—2b)

_ "
where b§ = 122 p :%
c

2-A py and i =

_z g ___z
8 M= a1

Lemma 2: The solution of any subgame UP(u,b) with unfair rewards is:
a) If 0 < b < b, then (p, np) Vpu
b) If b<b< bY, then (p,np) if u > fr and (np,np) otherwise
c¢) If b < b < b**, then (p,np) if x> fi and (np, np) otherwise

10



d) If b <b < 1/2, then (np,np) Yu

Sy 120, pes _ 201-Aa)=2/2 22—4Xy (1—b) 2—2\ (1—b)

whereb = 1—

27

Selfish investors have as a dominant strategy not to punish, whereas reciprocal in-
vestors may have incentives to do so. Notice that for an intermediate range of values of
the reward, reciprocal investors need that beliefs of being paired with another recipro-
cal investor are high enough in order to punish. Otherwise, it does not compensate to
undertake the punishment costs by themselves. Additionally, as rewards increase, even
though they do not reach the fair reward of b = 1/2, reciprocators stop punishing if they
receive a high enough reward for their investment. These results hold for both types of

punishment systems.

Under uncoordinated punishment, however, there is also a lower reward segment
0<b< I;) which reciprocal investors punish independently of their beliefs. In other
words, the reward is so low that they punish it because by doing so they can reduce
inequality even if they are the only punisher. This, nevertheless, does not happen with
coordinated punishment given that individual punishment does not lead to a destruction
in the allocator’s payoffs. Thresholds on the beliefs are increasing in b and z and decreas-

ing in );. Formal proof has been relegated to the appendix.

If we compare these two situations we can shed light on the frequency of punishment
in each context (see Figure 1). We can synthesise lemma 1 by saying that, under coor-
dinated punishment, rewards 0 < b < b" are punished if there are enough reciprocators,
whereas rewards b < b < 1 are left unpunished. In the same way, under uncoordi-
nated punishment (lemma 2), if 0 < b < I;, there is unconditional punishment, rewards

b<b<b™ are conditionally punished and rewards b** < b < 1 are always left unpunished.

11

22X, TeEs e 2 and i = 22— 2y (1-b)+2(1—2b)



Coordinated Punishment

b o
(bmp)ifu2 i (v, np)ifu =i | (np, np) Vu
(np,np) ifpu < 1 (np,np) ifu <
b=0 b=1/2 b=1

Uncoordinated Punishment

bt b |

b
(b.0) K (o p)itpz (o, np) ifp 2 | (np, np) Vi
(np, np)ifu < i (np,np)ifp <

Figure 1: BNE of the punishment stage

While the relation among bf,l; and b¥ is ambiguous, b° > b** always holds. This
implies that the range of values of b that reciprocal investors leave unpunished is larger
under uncoordinated punishment. In other words, coordinated punishers exert a stronger

punishment pressure by expecting higher rewards from the allocators.

Corollary 1: For a sufficiently high proportion of reciprocators in the population,
punishment occurs more frequently under a coordinated punishment system than under an

uncoordinated one.

3.2 Reward stage

This reward stage is only reached in the subgame (I, 1) of the investment stage. Thus,
after observing that both investors have decided to invest in the project, the allocator
chooses how much to return to each investor, 0 < b < 1, which we assume symmetric. As
the project surplus is of size 2, each investor generates a surplus of 1 with his/her invest-
ment, so we define a reward of b = 1/2 as fair. Recall that we also consider two possible
different types of allocators, fair-minded” who will return the fair reward 0% = 1/2 and
selfish who will return b%. The super index i € {c,u} represents the punishment scheme:

coordinated (c¢) or uncoordinated (u). It should be noted that fair rewards are never going

"Notice that a fair-minded allocator does not change his/her rewarding policy when there is incomplete
information.

12



to be punished by any type of investor. Unfair rewards, that is, any b < 1/2, may or may

not be punished by reciprocators.

When deciding on how much to reward, a selfish allocator will compare the expected
cost of being punished with the expected cost of avoiding it. On the one hand, the ex-
pected cost of punishment will depend on the beliefs the allocator has on the types of the
investors. On the other hand, the expected cost of avoiding punishment is the minimum

reward an allocator shall return for no investor to punish.

We describe the optimal reward policy of the selfish allocator with the following set
of lemmata where the thresholds fi(b) and fi(b) follow from Lemmas 1 and 2 evaluated at

different rewards b. Formal proof has been relegated to Appendix A.

Lemma 3: In the team trust game with coordinated punishment, the reward policy of

a selfish allocator is:
a) If u < [1(0) then bS =0

b) If f(0) < < A(BS), then b = 0 if f(u) > 0 or bt = b if f() <0

c) If p(by) < pu <1, then bS =0 if g(u) >0 or b =b% if g(p) <0

where: b¢ = % and b = %ﬁ)%, flp) ==X+ (2A+2/2)pu — 2 and

g(p) = —(AA)p® + (2 + 2/2)p — 2

Lemma 4: In the team trust game with uncoordinated punishment, the reward policy

of a selfish allocator is:

a) If u < (D) then b* =0

b) If ju(b) < pu < i(bY) then bt = b

¢) If a(0) < <1, then b* = 0 if h(p) > 0 or b* = b** if h(p) < 0.

u o atpz/2-2 242(1-2)))—2+2Au
where: b* = +2+u/7 b = #(Z/QTAJ(1+2;L))J)F2#;L and h(p) = —p?(8A,(1 + \,)) +

w(z/2 +2(1 —2X, —2X2)) — 2 +2)\,

If the proportion of reciprocal investors is sufficiently low, a selfish allocator antici-

pates that there is going to be no punishment in the last stage, so the expected costs of

13



being punished are zero. Thus, the selfish allocator prefers to offer the lowest return b’ = 0.

However, as the proportion of reciprocal investors increases, so does the probability
of being punished. This makes selfish allocators consider the possibility of either return-
ing nothing and facing punishment or, alternatively, offering a positive minimal reward
(b, b, b or b"* as the case may be) such that reciprocal investors do not punish them.
The expected costs of being punished are \.u? under coordinated punishment and 2\,
under uncoordinated punishment, where the difference is that coordinated punishment
requires two reciprocators for punishment to be effective. Therefore, the optimal reward
policy depends on the critical values derived from the comparison of the expected payoffs

by offering b% = 0 and b’ > 0.

The comparison between the different rewarding policies leads to a cubic equation
f) = =2 ) + (2A\. + 2/2) . — 2 for the comparison between offering b¢ = 0 or b¢ = b°
when [i(0) < pu < i(b$); a cubic equation g(u) = —(4A)u® + (2 + 2/2)p — 2z for the com-
parison between offering b = 0 or b¢ = b when (bf) < p < 1; and a quadratic equation
h(p) = —(8Xu(1 — X)) + (2/2 + 2(1 — 22, (1 — A\)))u — z + 2\, for the comparison
between offering b% = 0 or b¥ = b** when (b)) < p < 1.

Intuitively, when the proportion of reciprocal investors in the population surpasses a
certain threshold (7(0) in coordinated punishment and f(b*) in uncoordinated punish-
ment), reciprocal investors may start considering punishing if the return they receive is

too low in order to reduce payoff inequality. The higher the proportion of these investors,

the higher the return necessary to avoid punishment (%—l:, aabzc, %L: and 8;% > 0). For cer-
tain values of pu, the required b is not too high and allocators prefer to reward investors
and avoid punishment because it compensates them. However, as p increases, so does
b’ and the cost of avoiding punishment may become too high with respect to the cost
of facing it. In these cases, they return nothing. The characterization of these values is

found in Appendix A.

3.3 Investment stage: Perfect Bayesian Equilibria

Finally, in the investment stage, investors foresee the allocator’s reward policy and their
punishment reaction when deciding whether to invest or not. There are multiple Perfect
Bayesian Equilibria (PBE) of the game with coordinated and uncoordinated punishment.

For instance, there is always an inefficient non-cooperative equilibrium where both types
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of investors choose not to invest for every ¢ and m, as well as separating equilibria.®

However, in this work, we are going to focus on pooling equilibria where both types of
investors decide to invest and, in particular, in the pooling equilibria where the selfish al-
locator decides to return a positive (but unfair) reward, the fair-minded allocator returns
the fair reward and no type of investor punishes. We will call these equilibria Positive
Return Pooling Equilibra (PRPE). In these equilibria, ¢ = p = Prob(r/I,I) and there
is no punishment. For completeness, other pooling PBE where both investors invest but

selfish allocators return null rewards can be found in Appendix B.

The following propositions characterise the distributions of ¢ and m of the PRPE un-
der coordinated and uncoordinated punishment, and the reward policy of selfish allocators

in these equilibria. Formal proof has been relegated to Appendix A.

Proposition 1: In the team trust game with coordinated punishment, there exists a

positive return pooling PBE if:
a) If g(0) < g < q or ga <q<q(bf), and m > me, then bS = b°.

b) If q(b$) < q¢ < ¢y or gy < g < 1, and m > m®, then b¢ = b,

hober2(1-26) ce | k=b42(1-26)
05— bo+2(1—2b°) 7 = 05-beer2 2000y 4

f(p), and g, and q, are the positive root of g(y).

where: m¢ = 1 and qo are the positive roots of

Proposition 2: In the team trust game with uncoordinated punishment, there exists

a positive return pooling PBE if:
a) If g(b*) < ¢ < q(b}) and m > m", then b¥ = b*.

b) If ¢f < ¢ < 1and m >m", then b = b*".

k—b%+2(1—2b%) wu _ k—bUUu2(1—2buv)
0.5—bu+2(1—2b%)’ — 0.5—bur42(1—2buw

where m" = ; and q, is the positive root of h(p).

It can be proved that 6 > b° and that b** > b*, as well as m < m® and m** < m".
Therefore, the PRPE can be classified into two types. On the one side, there is a set
of equilibria where a low reward is returned, b¢ and b* (Proposition la and 2a), and for

which a high proportion of fair-minded allocators is needed, m® and m". On the other

8This game has separating equilibria in which selfish investors invest and reciprocal investors do not
invest, but these are not stable in long-run dynamics, following Calabuig and Olcina (2015).
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side, for higher levels of ¢, both coordination schemes also have PRPE with high rewards,
b*¢ and b"*, which will be returned even with a lower proportion of fair-minded allocators

in the population, m® and m"* (Proposition 1b and 2b).

Notice that for these PRPE to happen: (i) the proportion of reciprocal investors
must be high enough and (ii) the proportion of fair-minded allocators must also be high
enough. The first condition ensures that a selfish allocator sets a positive reward in order
to avoid the potential punishment of reciprocal investors. The second condition, on the

other side, guarantees that both types of investors prefer to invest rather than not to do so.

If these two conditions are met, both types of investors invest, regardless of their type.
They receive a fair reward in case of being matched with a fair-minded allocator (who has
as a dominant action to set these rewards) or a positive reward in case of being matched
with a selfish allocator, following lemmas 3 and 4. If the investor is selfish, he/she will
never punish regardless of the return received, whereas a reciprocal investor would not
punish given that he/she either receives a fair reward or a sufficiently high one, by lemmas
1 and 2.

In order to obtain the critical proportion of fair-minded allocators needed to sustain
this type of equilibrium, we obtain, for both types of investors, under which conditions
will they invest, anticipating the positive reward that will be returned. Formal proof
can be found in Appendix A. We find that as the proportion of reciprocal investors in
the population increases, the proportion of fair-minded allocators required to sustain an
efficient pooling PBE falls (ag;j < 0 for j € {¢, cc,u,uu}) and the reward needed to avoid
punishment increases (%—b; > 0). This implies that as the population of reciprocators in-

creases, investments with higher rewards that avoid punishment become more frequent.

3.4 Main Results

Our objective is, as previously stated, to compare both punishment systems in terms of
achieving greater levels of efficiency. We present our main result concerning this issue in

the following proposition. Formal proof has been relegated to Appendix A.
Proposition 3: In the team trust game with punishment, for a proportion of recipro-

cal investors q > qy, the reward returned by a selfish allocator is higher under coordinated

punishment, b > b** and the proportion of fair-minded allocators necessary for this to
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be a positive return pooling equilibrium is lower, m < m"*.

This proposition illustrates that in a population of investors with a high proportion
of reciprocators, coordinated punishment is substantially superior to uncoordinated pun-
ishment. On the one hand, investors obtain higher rewards from allocators and, on the
other hand, joint investment is achieved for a wider range of the allocators’ preferences

distribution.

In contrast with Proposition 3, the following proposition compares coordinated and
uncoordinated punishment when the proportion of reciprocators is not high enough to
achieve the PRPE under both schemes.

Proposition 4: In the team trust game with punishment, for a proportion of recip-
rocal investors ¢, < q < ¢y, the reward returned by a selfish allocator is higher under
uncoordinated punishment, bS = 0 and b* > 0 and the proportion of fair-minded alloca-

tors mecessary for this to be a positive return pooling equilibrium is lower, m** < m<®.

For intermediate proportions of reciprocal investors, coordinated punishment would
no longer be superior to uncoordinated punishment. Under coordinated punishment, zero
rewards would be returned by selfish allocators and these would be punished. On the
other hand, under uncoordinated punishment, positive rewards are always returned and
investors never punish. Furthermore, the proportion of fair-minded allocators required for
joint investment to happen is higher under coordinated punishment. Notice that for this
range of ¢ there is a PRPE under uncoordinated punishment but a null return pooling

equilibrium with punishment under coordinated punishment. This set of equilibria, along

24+-k+2—q(z/242X:)
240.5+z—q(z/2+2)\c)

with the corresponding threshold m® = , can be found in Appendix B.
Finally, for sufficiently low proportions of reciprocal investors, there is no PRPE under

any punishment scheme, and when there is, it happens for a very narrow range of ¢ and

with very low returns. For this reason, we claim that coordinated and uncoordinated

punishment do not show substantial differences.
Remark: In the team trust game with punishment, for a proportion of reciprocal in-

vestors q < qlll, there are no substantial differences between coordinated and uncoordinated

punishment.
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Numerical example

Let us illustrate the results using a numerical example. Suppose the parameters of the
model take the following feasible values: £ = 0.25, z = 0.54, \. = 0.7 and A\, = 0.35, which
fulfill the model’s assumptions. Table 2 shows, for the different proportions of reciprocal
investors, ¢, the necessary minimal fair-minded allocators proportion, m, for the existence
of a pooling PBE where both investors invest, the corresponding reward by the selfish
allocators, by and the punishment strategy of a reciprocator knowing the selfish investor
never punishes, (z,np). We also add a column indicating whether the PBE is the PRPE
characterised in Propositions 1 and 2 or not. Recall that, despite we focus on equilib-
ria where both investors invest, positive rewards are returned and there is no punishment

(PRPE), there are other pooling PBE which, for completeness, we present in Appendix B.

This table points out that there is an inverse relationship between ¢ and m. In other
words, the higher the proportion of reciprocators in the population is, the lower the
proportion of fair-minded allocators needed for there to be a pooling equilibrium in in-

vestment, regardless of the punishment scheme.

It is only for high values of ¢ where the superiority of coordinated punishment can
be appreciated. For this particular example, when the proportion of reciprocal investors
is greater than or equal to 74.2%. When this happens, rewards under coordinated pun-
ishment (b°) are higher than under uncoordinated punishment (") and the proportion
of fair-minded allocators is significantly lower under coordinated punishment (m) than
under uncoordinated punishment (m**). In fact, m drastically falls in this range, but only
under coordinated punishment. Under uncoordinated punishment, a very high proportion

of fair-minded allocators are still needed to sustain this type of equilibrium.

Nevertheless, for intermediate values of ¢, uncoordinated punishment dominates coor-
dinated punishment, as for ¢ > 0.4187 selfish allocators start returning positive rewards
that stay unpunished under uncoordinated punishment. Under coordinated punishment,

however, this does not happen until ¢ > 0.742.

For low values of ¢, there is almost no difference between coordinated and uncoor-
dinated punishment. Even if there is a range of values of ¢ where an efficient pool-
ing PBE appears under coordinated punishment, it happens in a very small segment
(0.33 < ¢ < 0.348) and with very low rewards. These rewards are b°. Notice that b*, on

the side of uncoordinated punishment, seems to have disappeared. It is not the case, but
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q bs (x,np) | PRPE
CP UP CP up |CpP UP|CP UP
0.05 0.9  0.8892 0 0 np p | No No
0.1 0.9 0.8850 0 0 np p | No No
0.15 0.9 0.8804 0 0 np p | No No
0.20 0.9 0.8754 0 0 np p | No No
0.25 0.9  0.8700 0 0 np p | No No
0.3 0.9 0.8641 0 0 np p | No No
0.3233 0.9 0.8611 0 0 np p | No No
0.33 | 0.8950 0.8602 | 0.024 0 np p | Yes No
0.34 | 0.8868 0.8589 | 0.058 0 np p | Yes No
0.348 | 0.8797 0.8579 | 0.084 0 np p | Yes No
0.35 | 0.8982 0.8576 0 0 p p | No No
0.4009 | 0.8945 0.8503 0 0 p p | No No
0.4187 | 0.8932  0.8025 0 02469 | p ' np | No  Yes
0.43 | 0.8923 ' 0.8023 0 0.2470 | p np | No Yes
0.45 | 0.8908 ' 0.8021 0 0.2473 | p np | No Yes
0.5 0.8866  0.8017 0 0.2479 | p np | No Yes
0.55 | 0.8822 ' 0.8012 0 0.2484 | p np | No Yes
0.6 0.8773 ' 0.8009 0 02489 | p ' np | No @ Yes
0.65 | 0.8771 ' 0.8005 0 02493 | p ' np | No  Yes
0.7 | 0.8664 ' 0.8003 0 0.2497 | p np | No Yes
0.742 | 0.5631 0.8000 | 0.386 0.2500 | np np | Yes Yes
0.75 | 0.5556 0.8000 | 0.388 0.2500 | np np | Yes Yes
0.8 0.5062 0.7998 | 0.399 0.2503 | np np | Yes Yes
0.85 | 0.4525 0.7996 | 0.409 0.2506 | np np | Yes Yes
0.9 0.3939 0.7994 | 0.418 0.2508 | np np | Yes Yes
0.95 |0.3298 0.7992 | 0.425 0.2510 | np np | Yes Yes
1 0.2593 0.7990 | 0.433 0.2512 | np np | Yes Yes

Table 2: PBE of the team trust game with (I,I), k = 0.25, z = 0.54, A, = 0.35, ¢, = 0.4187

and ¢, = 0.7420.

it cannot be appreciated because it happens for very small values, i.e. ¢ < 0.0057.

In the following Figures, we represent the PBE rewards b; and minimal proportion of
fair-minded allocators, m, for ¢ > q’ll using the values proposed in the numerical example,
such that qlll = 0.4187. Recall that for ¢ < q’l/, no substantial differences are observed

between coordinated and uncoordinated punishment, so we graphically show when is co-

ordinated punishment superior to uncoordinated punishment.

As it can be appreciated in Figure 2, rewards under uncoordinated punishment are
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almost steady around b"* = 0.25 over q. However, under coordinated punishment, rewards
display a significant jump at ¢ = ¢, = 0.742. Namely, for ¢ < ¢, rewards are b = 0 (not
PRPE), but at ¢ = q'2 rewards jump to an increasing pattern starting with b ~ 0.4.
This shows that for a sufficiently high proportion of reciprocal investors, coordinated

punishment performs better in terms of rewards.

-&-Coordinated punishment Uncoordinated punishment
05

0.45
0.4
0.35
0.3
0.25
0.2

0.15

Rewards (b,)

0.1

0.05

Proportion of reciprocal investors (q)

Figure 2: PBE rewards of the numerical example for ¢ > ¢/ .

Analogously, in Figure 3 we show that the proportion of fair-minded allocators needed
for there to be joint investment is constant around m** ~ 0.8 under uncoordinated pun-
ishment but displays a substantial fall under coordinated punishment when ¢ = qlg. In
particular, it starts by showing a steady pattern around m® ~ 0.9 and falls to m ~ 0.5
when this threshold is reached. From this point onward, m under coordinated punishment
falls to m ~ 0.2. This result indicates that for a sufficiently high proportion of reciprocal
investors, coordinated punishment also performs better in terms of the requirement of

fair-minded allocators that sustain a pooling equilibrium.
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0.1
0.42 0.43 0.45 0.50 0.55 0.6 0.65 0.7 0.742 0.75 0.8 0.85 0.9 1

Proportion of reciprocal investors (q)

Figure 3: PBE fair-minded allocators of the numerical example for ¢ > g .

The superiority of the coordinated punishment scheme, which happens for a high pro-
portion of reciprocators, is driven by the fact that reciprocators are willing to punish
higher offers under coordinated punishment, to which selfish allocators return higher re-
wards than under uncoordinated punishment in order to avoid punishment. This, in turn,
enhances efficiency through joint investment even with a lower proportion of fair-minded

allocators in the population.

This effect is indeed given by coordination as a mechanism to overcome the free-rider
issue. Intuitively, differences between the two types of punishment lie in the free-riding
incentives between reciprocators. With coordinated punishment, this behaviour can be
avoided when there are many reciprocators in the population as if one of the two investors
free rides, punishment actions will be costly and ineffective in destroying the allocator’s
payoff. When the proportion of reciprocators is high, the probability of being paired with
another reciprocator is also high, so the chance of there being joint punishment is higher.
Uncoordinated punishment, however, is prone to free riding for any value of ¢, as the
allocator’s payoff is going to be undermined even if there is only one punisher. Hence,
even if the proportion of reciprocators is high, the threat of joint punishment is not as

strong as with coordinated punishment.
The superiority of coordinated punishment only with a high number of reciprocators

is already present when considering that coordinated punishment has the same impact as

uncoordinated punishment (A, = 2),) as we do in this work. If, however, we considered
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coordinated punishment to be strictly more destructive than uncoordinated punishment,
following Calabuig and Olcina (2015), i.e. A. > 2\, the differences would be even greater

and this result would be even stronger.

4 Conclusions

In the theoretical comparison of uncoordinated and coordinated punishment, we have
highlighted the superiority of the coordinated punishment scheme in achieving cooper-
ation only when the proportion of reciprocal investors is sufficiently high.® This occurs
because there is a greater range of cases in which investors decide to jointly invest, the
allocator returns a positive reward, and there is no punishment. Additionally, the amount
returned under a coordinated punishment is larger than under uncoordinated punishment,
and the proportion of fair-minded allocators required for this equilibrium to happen is

lower.

The underlying reason for this behaviour is that the punishment threat exerted by
coordinated punishers is stronger than the one exerted by uncoordinated punishers, as
under a coordinated scheme, two investors willing to punish are needed for punishment
to inflict damage on the allocators’ payoffs. This is reflected in the fact that reciprocal
investors are more demanding with the allocators’ returns under a coordinated punish-
ment system. As allocators anticipate this exigence, they will return rewards that are
sufficiently high for the investors not to punish them, which enhances joint investment for

a wider range of cases.

However, what is particularly noteworthy is that the superiority of coordinated pun-
ishment only occurs when there is a high proportion of reciprocators in the population.
The reason behind this is that the coordination mechanism can avoid free-riding behaviour
among reciprocators if many. With a low proportion of reciprocators in the population,

however, such an advantage disappears.

Notice that the driving force of reciprocators punishing is the reduction of disadvanta-
geous inequality, which can be understood as a public good achieved with such punishment

actions. Nevertheless, the value that the two types of investors give to this public good

90ur result seems to support a possible co-evolution between institutions (coordinated punishment)
and preferences for reciprocity in the investor population.
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is not the same: only reciprocators value inequality reduction positively. A way of over-
coming the inefficient outcome resulting from a public goods game is to make it become
a coordination game, and, for this reason, coordinated punishment proves to be more
efficient than uncoordinated punishment when there is a high proportion of reciprocators
in the population. With a lower proportion of these, however, the presence of selfish
investors dissipates the public good. In this case, the advantage of individual effective un-
coordinated punishment prevails and differences between coordinated and uncoordinated

punishment are minimal.
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Appendix A. Proofs

Proof of Lemma 1. BNE of the punishment stage under coordinated pun-

1shment.

Let us first prove that selfish investors will never punish in the coordinated punish-
ment stage by contradiction. For a selfish investor to implement punishment, the expected
utility of punishing, p-U(p,p) + (1 — p) - U(p, np), must be greater than the utility of not
punishing, p - U(np,p) + (1 — ) - U(np, np). By substituting the corresponding payoffs,

the comparison the selfish investor makes is:
pub—k—z/2)+(1—p)b—k—2)>b—k
Solving for ;4 we obtain that a selfish investor will punish if g > 2, which never holds.

Knowing a selfish investor is always going to choose np, a reciprocal investor can in-
corporate this in his/her comparison of the expected utility of punishing, p-U(p, p)+ (1 —
1) -U(p,np) and his/her expected utility of not punishing - U(np, p)+ (1 —u) - U(np, np).
By substituting the corresponding payoffs, the comparison the reciprocal investor makes

1s:

plb—k—z/2—2max{0, (1-0b)(1—A.) —b}+(1—p)[b—k—2z—2max{0, (1—-0)—b}] >
b—k—2maz{0,(1—0) — b}

Notice that there are two types of inequalities in this comparison, but whether they be-

come active or not depends on the value b takes. In particular, the inequalities max{0, (1—

1-X¢

b) — b} always become active for unfair offers of b < 1/2. If b < bf, where b = 3=5=,

inequality maz{0, (1 — b)(1 — A\.) — b} also becomes active.

Let us start with the case where b < b, such that all inequalities become active. Solv-

ing for ;1 we obtain that a reciprocal investor will punish if p > from which

Z/2 42X (1-b)°
we define 1. This threshold i is always positive for z > 0, but fo/r Jirt t(() be)z i <1, then
b<b =1- 4—f\c. Asb > 1/2, all values b < b$ accomplish 1 < 1. Therefore, in the
reward segment b < b, if © < i then reciprocals would not punish, (np, np), because the
probability of being paired with another reciprocal investor is low. Otherwise, if u > p,

reciprocal investors would punish, (p, np).
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For the case where b§ < b < 1/2, only inequalities maz{(1 — b) — b} become active.

Solving for 1 we obtain that a reciprocal investor will punish if 1 > from which

ATR(=2h)
we define 1. This threshold g is always positive for z > 0, but for it to be i < 1, then

b<b = + — . It can be shown that b§ < b’ < 1/2, from which we define two segments.
If ¢ < b < b" whether there is punishment or not depends on fi. If 1 < i then (np,np).

Otherwise, if y1 > ji, then (p,np). For b < b < 1/2, i > 1, so (np,np) Y.

Proof of Lemma 2. BNE of the punishment stage under uncoordinated

punishment.

The proof of not punishing being a dominant strategy for selfish investors in the un-

coordinated punishment stage follows from the proof for lemma 1.
For the case of the reciprocal investor, the comparison that he/she makes is:

plb—k —2/2 —2max{0,(1 —b)(1 —2X,) = b} + (1 — u)[b — k — 2 — 2max{0, (1 —
b)(1—X\,)—b}] > plb—k—2maz{0,(1—=b)(1—\,)—b}+(1—p)[b—k—2 maz{0, (1—b)—b}]

Notice that there are three types of inequalities in this comparison and whether they

become active or not depends on the value of the reward b:

o Ifb< b} = ;:gj\\z, then all inequalities become active.

o IfD} <b< by = ;:iz, then inequalities maz{(1—0b)(1—\,)—b} and max{(1—b)—b}

become active.

o If by < b < 1/2, then only inequality maz{(1 — b) — b} becomes active.

If b < b}, all inequalities become active. Solving for ;1 we obtain that a reciprocal
investor will punish if p > w, from which we define fi. For this threshold to be
positive, then b > b=1-— ﬁ, which holds by assumption 2. For this threshold to be
less than 1, b < b* =1 — oo It can be shown that b* > b}, therefore, all values below
b} satisfy 1 < 1. Hence, we have two segments: 0 < b < band b < b < b. For the first
case, as b < I;, then i < 0 and therefore the unique BNE is (p,np) Vu. For the second

case, where b<b< b}, whether there is punishment or not depends on the value of p. If
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p < fi then (np,np). Otherwise, if p > fi, then (p, np).

If b < b < by, then inequalities maz{(1 — b)(1 — A,) — b} and max{(1 — b) — b}

become active. Solving for p we obtain that a reciprocal investor will punish if pu >
2—2X (1-0)
2/2+2(1—2b)— A, (1—

ward and depends on the sign of the numerator and the denominator. For the numerator
to be positive b > b=1-—

oL from which we define .. Whether /i is positive is no longer straightfor-

75—, which holds by assumption 2. For the denominator to

be positive b < b = ;:gj\\u + 8(1:\”) must hold. Finally, for i < 1, then b must satisfy

b<b™ = ;:iz — m. By assumption 2, we can claim that b} < b < é < by, defining
three segments. For any b in the segment bf < b < b**, both the numerator and the
denominator of 7 are positive and i < 1 holds. Hence, whether there is punishment or
not depends on fi: if pu < ﬁ then (np,np). Otherwise, if 1 > fi, then (p,np). For any b
in the segment 0™ < b < b, both the numerator and the denominator of [i are positive,
but [ > 1. Therefore, in this case the BNE is (np,np) Vu. Finally, for the last segment
where b < b < by, the numerator is positive, but the denominator is negative as b > l;,
therefore, fL must be lower than a negative number, which never holds, so (np, np) is the

unique BNE V.

In the last place, let us study the higher segment of b, where b > b§. Now, only

the inequality maz{(1 — b) — b} becomes active. Solving for p, we obtain that for the
= 2—2(1—2b)
z/2—2(1—2b)"

is positive by assumption 2, but for the denominator to be positive as well, it is necessary
that b > b = % — g. It can be shown that b5 < b< 1/2, such that we have two segments.

reciprocal investor to punish p > ,L:L = As in the previous case, the numerator

In the first segment, by < b < l:)/, the numerator of EL is positive while the denominator
is negative. Therefore, /SL must be lower than a negative number, which never holds, so
(np,np) is the unique BNE Vpu. Alternatively, for b <b<1 /2, both the numerator and
the denominator are positive, but fz > 1, so (np,np) Yu.

Proof of Lemma 3: PBE of the reward stage under coordinated punish-

ment:

For the reward policy with coordinated punishment, recall that allocators anticipate
that only reciprocal investors may punish and that if this happens it does so for rewards

0 < b < b". Whether reciprocal investors punish or not depends on the beliefs of the
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proportion of reciprocators in the population. In this range of values, selfish allocators
can either set b = 0 and make profits of 7¢(0) = 2(1 — p?\.), or offer a minimal reward
b$ > 0 to avoid punishment and make profits of 7y (b) = 2(1 —b). Notice that the critical
values fi(b) and fi(b) are defined by the range of b where they are relevant. It can be easily
shown that the critical values of p are increasing with b and that they can be ordered
such that 1(0) < (b§) = a(b§) < a(b") = 1.

If the beliefs are very low, that is, if u < 1(0), then p < (b) Vb. Given that a selfish
allocator faces no risk of being punished with so low beliefs, he/she will maximise his

profits by returning b = 0.

If, instead, 1(0) < p < @(bS) = @(b§) a selfish allocator can either return nothing or
set a minimal reward of b¢ = % to avoid punishment. This minimal reward can
be directly obtained from the threshold fi. In order to choose between these two options,
a selfish allocator will compare the expected profits of such options. In particular, he/she
will offer b¢ = 0 if —(2A\%)u® + (2A\. + 2/2)pu — 2 > 0. The roots of this cubic equation
depend on its discriminant. If the discriminant is positive, then there is a real root, which
is negative and two complex roots. In the positive domain, the cubic equation will always
be strictly negative and, therefore, setting b = 0° is better. If the discriminant is zero,
then all roots are real, one of them negative and the other two would be two equal and
positive roots. In the positive domain, the cubic equation will always be lower or equal
than zero and, therefore, setting b$ = b is better. However, if the discriminant is negative,
then there are three real and unequal roots, one of them negative. Let us denote the two
positive roots as p; and ps. In this case, for any p < py and p > p9, the cubic equation
will be strictly positive and the positive reward 0 = b¢ would be returned, whereas for

any 1 < p < ps, the cubic equation will be lower or equal than and the reward will be

b = 0.

Finally, if a(b$) = (b)) < p < fu(b") = 1, the selfish allocator can, as before, either
return nothing or return a positive reward that avoids punishment, b = WJFZ—;/LQ)_Zv which
can be directly obtained from i and it can be shown that it is below the fair return. A
selfish allocator will return b¢ = 0 if —(4\.)p® + (2 + 2/2)pp — z > 0. If the discriminant is
positive or equal to zero, the positive reward b$ = b would always be offered, following
the same reasoning as before. For the cases where the discriminant is negative, we denote
as 4 and iy the positive roots of the cubic equation. Hence, for any p < p) and pu > i,
the positive reward b¢ = b would be returned, whereas for any p; < p < iy, the reward

would be b = 0.
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Proof of Lemma 4: PBE of the reward stage under uncoordinated pun-

ishment:

For the reward policy with uncoordinated punishment, selfish allocators can either set
b* = 0 and make profits of 75(0) = 2(1 — 2u\,), or offer a minimal reward b% > 0 to
avoid punishment and make profits of 7%(b) = 2(1 — b). Notice that the critical values
fi(b) and 7i(b) are defined by the range of b where they are relevant. It can be shown that

~

Ab) < p(vy) = aby) < ab) = 1.
If the beliefs are very low, that is, if u < fi(b), then p < fi(b) Vb. Given that a profit
maximiser faces no risk of being punished with so low beliefs, he/she will maximise his

profits by returning b% = 0.

If instead, a(b) < p < A(bY) = A(b) a selfish can either return nothing or set a

nz/2—z+42\y
2y

directly obtained from the threshold fi and it can be shown that it is less than a fair

minimal reward of b* = to prevent punishment. This minimal reward can be

return. In order to choose between these two rewards, a selfish allocator will compare the

2y —2
AN2—z/2

which we denote as fi(b*). Hence, for i(b) < p < i(b"), the selfish allocator will return
b% = 0 and for fi(b*) < p < f(bY), the selfish allocator will return b = b*.

expected profits of such options. In particular, he/she will offer b = 0 if u <

~

Finally, if a(b%) = a(b¥) < p < a(b**) = 1, a selfish allocator can either return nothing

w(z/242(1—22,))—2+2Xu
2(Ay (1+%/J')

can be directly obtained from the threshold ji and it can be shown that it is less than a
fair return. A selfish allocator will return 6% = 0 if —p?(8\,(1+Ay)) +u(2/2+2(1 =2\, —
202)) — 2 4+ 2)\, > 0. The roots of this quadratic equation depend on its discriminant.

or set a minimal reward of b** =

+ 2p) to avoid punishment. Such b

If the discriminant is negative, then there are two complex roots, the quadratic equation
will always be strictly negative and, therefore, the allocator will always return 0¥ = b"*.
If the discriminant is zero, then there is only one real root, the quadratic equation will
always be lower or equal than zero and the selfish allocator will also return 0¥ = 0"
always. Finally, if the discriminant is positive, then there are two real roots, one negative
and one positive (u]). In this case, for any u < s, the zero reward b* = 0 would be

returned, whereas for any j; < u, the positive reward would be b = b"*.
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Proof of Proposition 1:

If g0) < g < ¢ or a2 < q < q(bf), we have that fair-minded allocators (propor-
tion m) will return the fair reward of b3 = 1/2, selfish allocators (proportion 1 — m)
will return b = b° and no type of investor will punish. For a selfish investor to in-
vest in this case, it must hold that m(0.5) 4+ (1 — m)b® — k > 0, from which we obtain
the critical threshold m; = %. On the other side, a reciprocal investor will invest
if m(0.5) + (1 — m)[b® — 2(1 — 2b°)] > 0, from which we obtain the critical threshold

k_bc+2(1_2bc)). Given that m® > mq, if m > m® holds, both types of investors will

c __
M = 55 ber2(1_2b

invest.

If G(b$) < ¢ < gy or g, < g < 1, we have that fair-minded allocators (proportion m) will
return the fair reward of by = 1/2, selfish allocators (proportion 1—m) will return b5 = b*

and no type of investor will punish. The same reasoning applies for selfish and reciprocal

0.5-pec and M = GemE Ty

respectively. Given that m® > my, if m > m* holds, both types of investors will invest.

investors to invest where the critical thresholds are my =

Proof of Proposition 2:

If g(b*) < q < G(bY), we have that fair-minded allocators (proportion m) will return
the fair reward of b = 1/2, selfish allocators (proportion 1 —m) will return b* = b° and no
type of investor will punish. For a selfish investor to invest in this case, it must hold that
m(0.5) + (1 —m)b* — k > 0, from which we obtain the critical threshold ms = #==. On
the other side, a reciprocal investor will invest if m(0.5) + (1 — m)[b* — 2(1 — 2b*)] > 0,
from which we obtain the critical threshold m* = %. Given that m" > mg, if
m > m" holds, both types of investors will invest.

If ¢/ < q < 1, we have that fair-minded allocators (proportion m) will return the
fair reward of b = 1/2, selfish allocators (proportion 1 — m) will return b% = b** and

no type of investor will punish. The same reasoning applies for selfish and reciprocal in-

b wu _ _k—bUu2(1-2pm)
0.5—puw and m* = 0.5—buut2(1—2b%%)

respectively. Given that m"* > my, if m > m"" holds, both types of investors will invest.

vestors to invest where the critical thresholds are my =
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Proof of Proposition 3:

%Tgfcc, % < 0, which implies that m® and m"* are both

decreasing in b and b** respectively. This implies that if 6 > b**, then m* < m"*.

In the first place, notice that

In the next place, let us show when is 6 > b"*, where 0 = 224072 apg pue =

4q
4/ 2%8\;(21’\;‘;2;”2)‘“ + 2¢). Let us simplify these expressions by saying that b = % and

b = £35S where A = q(2/2 4 2) — 2, B = 4q, C = 2\, — 4\, and D = 2, (1 + 2¢).

Notice that D > 0, but the sign of C' depends on the value that ¢ takes. In particular,

if ¢ > 1/2, then C' < 0 and therefore b > b"*. However, if ¢ < 1/2, then C' > 0.

In this case, b > 0" if 4 > £ which holds when 8¢> + (2/2 — 2)g — z > 0. This

quadratic equation has two real roots, one negative and one positive, being the positive
z \/ (2—2/2)2 z

root ¢* = (@tz/2)+ iz 24522 1t can be proved that as z < 2\, then z < 2, so0 ¢* < 1/2.

Therefore, for any g > ¢*, b > b"*.

Finally, the highest positive root of the cubic equation g(u) we consider in Proposition
1b) can be proved to be greater than this threshold, i.e. ¢, > ¢*. Thus, for any ¢ > ¢,
b > b"* always holds.

Proof of Proposition 4 :

In order to prove the existence of an interval qlll <q< q’Q, where b = b and b = 0,
we must show that q’ll < q'2 or that q; —q’ll > (. These threshold are q;, which is the highest
positive root of g(u) and ¢, which is the positive root of h(p). These roots depend on
the values of z and A.. It can be proved that, if we fix A\, at every possible value satisfying
Assumption 3 and evaluate g, — ¢; for every possible value of z satisfying Assumption 2,
we find that q/2 — q/ll > (. Similarly, if we fix z at every possible value satisfying Assump-
tion 2 and evaluate g, — q; for every possible value of \. satisfying Assumption 3, we find

that q/2 — qlll > (. Therefore, q; — q/l/ > 0 always holds.
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Appendix B. Other pooling PBE

Besides the PRPE, there is a set of pooling equilibria where, if the proportion of fair-
minded allocators is remarkably high, selfish allocators can return nothing and still avoid

punishment.

Proposition 5: Null return pooling equilibria with no punishment

a) In the team trust game with coordinated punishment, if ¢ < q(0) and m > m°,
there exists a PBE in which both types of investors decide to invest, (I,I), a fair-
minded allocator returns the fair reward by = 1 /2, a selfish allocator returns bS =

and there is no punishment.

b) In the team trust game with uncoordinated punishment, if ¢ < G(b%) and m > m°,
there exists a PBE in which both types of investors decide to invest, (I,1), a fair-
minded allocator returns the fair reward b4 = 1/2, a selfish allocator returns b* = 0
and there is no punishment.

0 _ 2+k
T 2405

where: m

For a sufficiently low proportion of reciprocal investors, selfish allocators anticipate
no future punishment, following lemmas 1 and 2. In this line, they will maximise their
payoffs by not returning anything at all, by lemmas 3 and 4. Even in this case there can
be investment by both types of investors if the proportion of fair-minded allocators who

return them a fair reward is high enough.

Finally, this game also has pooling equilibria which are inefficient, in the sense that
reciprocators implement punishment given that selfish allocators return nothing and the

proportion of fair-minded is not sufficiently high.

Proposition 6: Null return pooling equilibria with punishment

a) In the team trust game with coordinated punishment, if either ¢ < q < q; or
q/1 <g< q;, and m > m®, there exists a PBE in which both types of investors decide
to invest, (I,I), a fair-minded allocator returns the fair reward b = 1/2, a selfish

allocator returns b$ = 0 and there is punishment from reciprocal investors.
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b) In the team trust game with uncoordinated punishment, if G(b%) < q < ¢, and
m > m"P, there exists a PBE in which both types of investors decide to invest, (I,1),
a fair-minded allocator returns the fair reward by = 1 /2, a selfish allocator returns
b¥ = 0 and there is punishment from reciprocal investors.

2+k+z—q(z/242)c)
240.5+z—q(z/2+2)\;)

2(1-X)+k+z—q(2/2+2X)
2(1=Xu)+0.5+2—q(2/2+2Xy)

where: m® = and m¥P =

If beliefs about reciprocal investors are sufficiently high such that there is conditional
punishment from their part, but selfish allocators do not return anything to investors,
there will be punishment by the reciprocal investors (lemmas 1 and 2). As before, even
in this case, there could be incentives to invest in the project if the proportion of fair-
minded allocators is large enough. This decision is now not only going to depend on
the investment cost k, the reward b and the inequality measure o = 2, but also on the
punishment cost z and on the probability of being paired with another reciprocal investor,
q with whom to share the cost. For the case of coordinated punishment, recall that the
presence of another reciprocal is needed for punishment to have a negative impact on the

allocator’s final payoft.
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